We show that every finite Z-grading of a simple associative algebra A comes from a Peirce decomposition induced by a complete system of orthogonal idempotents lying in the maximal left quotient algebra of A (which coincides with the graded maximal left quotient algebra of A). Moreover, a nontrivial 3-grading can be found. This grading provides 3-gradings in simple M-graded Lie algebras. Some consequences are obtained for left nonsingular algebras with a finite Z-grading.
Introduction
A theorem by Zelmanov (see [10, Theorem 4.1] ) classifies the simple M-graded Lie algebras over a field whose characteristic is either zero or else large enough. Smirnov shows in [8, Theorem 5.4 ] that a Lie algebra satisfying the conditions in Zelmanov's Theorem has a nontrivial 5-grading. This result is obtained as a consequence of the description of finite Z-gradings of simple associative algebras. Smirnov's paper shows that if a graded associative algebra A = n k=−n A k is unital, any such grading arises from a Peirce decomposition of the algebra with respect to a complete system of orthogonal idempotents {e 0 , e 1 , . . . , e n } in such a way that A k = n i− j=k e i Ae j for k ∈ {−n, . . . , n}. The aim of our paper is twofold. On the one hand, we prove that for a graded algebra A = n k=−n A k a 3-grading can be given in some of the cases in Zelmanov's Theorem. This 3-grading comes from a Peirce decomposition of A relative to an idempotent e lying in an overalgebra E containing A as a dense left and right ideal. On the other hand we show that, as a consequence of a more general result, when A is simple (unital or not) every finite Z-grading is induced by a complete system of orthogonal idempotents {e 0 , e 1 , . . . , e n } lying in the maximal left quotient algebra Q of A. That is, A k = n i− j=k e i Ae j and Q = n k=−n Q k , where Q k = n i− j=k e i Qe j (hence Q is just the graded maximal left quotient algebra of A).
This paper is organized as follows: After some preliminaries, we study in Section 2 the existence of nontrivial 3-gradings for some finite Z-graded algebras including the simple ones, and the existence of complete systems of orthogonal idempotents that induce the grading. In Section 3 we obtain a quasi-Johnson's Theorem for Z-graded algebras. Finally, in the last section we prove the following result: Let L be a Lie algebra satisfying the hypotheses of Zelmanov's Theorem. Then L has a nontrivial 3-grading if:
]/Z , where A = λ∈Λ A λ is a simple associative M-graded algebra and Z is the center of [A (−) , A (−) ], or (ii) L is the Tits-Kantor-Koecher construction of the Jordan algebra of a symmetric bilinear form, or (iii) L is an algebra of the type E 6 , E 7 or D 4 . In the remaining cases, i.e., for [K (A, * ), K (A, * )]/Z , where A = λ∈Λ A λ is a simple associative M-graded algebra with involution * : A → A, A * α = A α and Z is the center of [K (A, * ), K (A, * )], it is not always possible to find 3-gradings, and for L an algebra of one of the types E 8 , F 4 or G 2 , we show that there are not 3-gradings.
Preliminaries

Graded algebras
Throughout the paper all algebras are considered over a unital associative commutative ring Φ. Recall that given a group G (not necessarily abelian), an algebra A is said to be G-graded if A = σ ∈G A σ , where A σ is a Φ-subspace of A and A σ A τ ⊆ A σ τ for every σ, τ ∈ G. When G = Z 2 we will speak about a superalgebra.
In most of the paper we will deal with Z-graded algebras. A grading of a Z-graded algebra A is a set of Φ-submodules {A k } k∈Z such that A = k∈Z A k is Z-graded. The grading of A is called finite if its support, Supp(A) := {k ∈ Z|A k = 0}, is a finite set. In this case, we may write A = n k=−n A k and we will say that A has a (2n + 1)-grading. The grading is called nontrivial if A = A 0 . In what follows, by a grading we will mean a finite Z-grading. We will use as a standard reference for graded algebras and modules [6] .
In a graded algebra A = σ ∈G A σ , each element of A σ is called a homogeneous element. A graded left ideal I of a G-graded algebra A is a left ideal such that if x = σ ∈G x σ ∈ I , then x σ ∈ I for every σ ∈ G.
Algebras of quotients
Let A be an associative algebra. A nonzero element a ∈ A is said to be a total right zero divisor if Aa = 0. An algebra not having total right zero divisors will be called right faithful.
A homogeneous element x σ of a graded algebra A = σ ∈G A σ is called a homogeneous total right zero divisor if it is nonzero and a total right zero divisor, that is, Ax σ = 0. The graded algebra A is said to be graded right faithful if it has no nonzero homogeneous total right zero divisors. A graded algebra is graded right faithful if and only if it is right faithful (see [1, Lemma 1.10] for details).
Let A = σ ∈G A σ be a graded subalgebra of a graded algebra Q = σ ∈G Q σ . We will say that Q is a graded left quotient algebra of A if for any 0 = p σ ∈ Q σ , q τ ∈ Q τ , there exists a α ∈ A α satisfying 0 = a α p σ and a α q τ ∈ A ατ . If given a nonzero element q σ ∈ Q σ there exists x τ ∈ A τ such that 0 = x τ q σ ∈ A τ σ , we say that Q is a weak graded left quotient algebra of A. Notice that a graded algebra is a graded left quotient algebra of itself if and only if it is (graded) right faithful. In this case it has a unique graded maximal left quotient algebra, called the graded maximal left quotient algebra of A. This algebra will be denoted by Q l gr-max (A) and does not coincide, in general, with the maximal left quotient algebra of A [1, Example 2.6]. See [1] for two different constructions of the maximal graded left quotient algebra of a graded algebra without total right zero divisors.
Associative systems
An associative pair (over Φ) is a pair of Φ-modules (A + , A − ) together with a pair of trilinear maps < , , > σ :
An associative triple system A (over Φ) is a Φ-module equipped with a trilinear map < , , >:
Due to associativity, there is no risk of ambiguity when deleting the brackets "< >", thus the products above will be usually denoted by juxtaposition, just like in the associative algebra case.
There is a straight relation between associative pairs and Peirce decompositions induced by an idempotent. Let E be a unital associative algebra, and consider the Peirce decomposition E = E 11 ⊕ E 12 ⊕ E 21 ⊕ E 22 of E with respect to an idempotent e ∈ E, i.e., E 11 = eEe, E 12 = eE(1 − e), E 21 = (1 − e)Ee and E 22 = (1 − e)E(1 − e). From the Peirce multiplication rules, (E 12 , E 21 ) is an associative pair. Conversely, every associative pair A = (A + , A − ) can be obtained in this way (see [5, (2. 3)]), i.e., A can be embedded in an algebra E with an idempotent e such that (A + , A − ) can be identified with (eE(1 − e), (1 − e)Ee). In this case, let A be the subalgebra of E generated by E 12 ∪ E 21 , i.e., A = E 12 ⊕ E 12 E 21 ⊕ E 21 E 12 ⊕ E 21 . It is immediate to see that A is an ideal of E. We will call A the standard envelope of the associative pair A. The pair (E, e) is called the standard imbedding of A.
3-Gradings
Following Smirnov [8] , a set of submodules P = {A i j : 0 ≤ i, j ≤ n} of an algebra A is said to be a Peirce system if A = n i, j=0 A i j , A i j A kl ⊆ A il if j = k and A i j A kl = 0 if j = k. With any Peirce system P = {A i j : 0 ≤ i, j ≤ n} of an algebra A, a pregrading can be associated: A = n k=−n A k , where A k = i− j=k A i j . We will say that this pregrading is induced by P. A system of submodules {H i : i = 0, . . . , n} of an algebra A is said to be complete if H AH = A, for H = n i=0 H i , and orthogonal if H i H j = 0 for i = j.
2.1
Given a graded algebra A = n k=−n A k , define:
and
For a subset X of an algebra A, we will use id(X ) to denote the ideal of A generated by X .
(ii) If A is right faithful, then it is isomorphic to the standard envelope of the associative
Proof. (i) By [8, Lemmas 4.1 and 4.5] we have that H = {H p : p = 0, 1} is an orthogonal and complete system of submodules which induces the grading in A, so:
Hence, applying (1) and the orthogonality of the H i 's we have
(ii) By (i) we may apply [2, Lemma 0.9] to have that R 1 is a right faithful associative triple system (see [2] for the definitions), equivalently the associative pair
, and applying [2, Corollary 1.6] (note that A is right faithful) the result follows.
A family {S k } of submodules of an algebra A is said to be independent if k S k is a direct sum. Proposition 2.3. Let A = n k=−n A k be a graded right faithful algebra with nontrivial grading and such that A = id(A −n ) and A = A 0 A A 0 . Then:
, where:
(iii) A is the standard envelope of the associative pair (R −1 , R 1 ). 
To see the independence of the H i j 's, it is enough to prove that the sum of the H i j appearing in each A k is direct. Suppose that for some k ∈ {−n, . . . , n} there is a nonzero a i j ∈ H i j ∩ ( p−q=k,( p,q) =(i, j) H p AH q ). Since A is right faithful there exists
which is a contradiction.
(ii) The pregrading A = R −1 + R 0 + R 1 is, in fact, a grading, as follows from (i). It is nontrivial because 0 = A −n = H 0 AH n ⊆ R −1 . Moreover, A = id(A −n ) and A −n ⊆ R −1 imply A = id(R −1 ), and
(iii) Now, by (ii) we may apply (2.2) (ii) to conclude that A is in fact the standard envelope of the associative pair (R −1 , R 1 ).
Let S be a unital algebra. A family {e 1 , . . . , e n } of orthogonal idempotents in S is said to be complete if n i=1 e i = 1. Suppose A = n k=−n A k to be a graded algebra, subalgebra of S. Definition 2.4. We will say that the Z-grading of A is induced by the complete system {e 1 , . . . , e n } of orthogonal idempotents of S if H i j = e i Ae j , (see (2.1) for the definition of the H i j 's).
In particular, for n = 1 the grading is induced by a complete orthogonal system of idempotents {e, 1 − e} if
In this case we will say, simply, that the 3-grading is induced by the idempotent e.
Corollary 2.5. Every graded simple Z-graded algebra A has a nontrivial 3-grading induced by an idempotent e ∈ Q l max (A).
Proof. Let A = Proof. Consider A as a superalgebra, i.e., A = R 0 ⊕ R 1 , with R 0 = A 0 and R 1 = A −1 ⊕ A 1 . Notice that R 0 = R 2 1 and reasoning as in (2.2)(ii) we obtain that A is isomorphic to the standard envelope of the associative pair (A −1 , A 1 ). Denote by (E, e) the standard imbedding of the pair. By [3, Lemma 1.5], A is a dense left ideal of E; this implies Q l max (A) = Q l max (E). Denote this algebra by Q and consider A and E as subalgebras of Q. Then A −1 = (1 − e)Ae, A 0 = e Ae ⊕ (1 − e)A(1 − e) and A 1 = e A(1 − e); moreover, if we define Q −1 := (1 − e)Qe, Q 0 := eQe ⊕ (1 − e)Q(1 − e) and Q 1 := eQ(1 − e), then A = A −1 ⊕ A 0 ⊕ A 1 becomes a graded subalgebra of Q = Q −1 ⊕ Q 0 ⊕ Q 1 . By the maximality of the maximal graded left quotient algebra (see [ Proof. First of all we will construct a complete system of orthogonal idempotents. Notice that by (2.3)(i), {H i j } is an independent family and A = n i, j=0 H i j . For each pair (i, j), with i, j ∈ {0, . . . , n}, denote by π i j : A → H i j the projection on H i j . Define, for k = 0, . . . , n:
(1) We claim that f k ∈ END A (A) 0 . Each f k is a graded R-homomorphism of graded left modules. Consider a = i j a i j , b = r,s b r s ∈ A. By using twice that {H i j } is a Peirce system we have Since f k is a group homomorphism, this shows (ab) f k = a(b) f k . Now, take x l ∈ A l = i− j=l H i AH j , and write x l = i− j=l x i j . Denote by Λ the set of j's appearing in the previous sum.
Define e k := [A, f k ] ∈ Q := Q l gr-max (A) = n k=−n Q k . (2) {e 0 , . . . , e n } is a complete system of orthogonal idempotents in Q. Indeed, take a = i, j a i j ∈ A.
The e k 's are idempotents: for any k ∈ {0, . . . , n}, (a)
The set {e 0 , . . . , e n } is a complete system: (a)
The grading A = i j H i j is induced by the system of orthogonal idempotents. Observe that A is considered as a graded subalgebra of Q l gr-max (A) by identifying any element x ∈ A with the element [A, ρ x ], where ρ x maps a ∈ A to ax ∈ A. We are going to see A i j = e i Ae j by taking into account the described identification. Indeed, consider a = k,l a kl ∈ A. The following result completes [8, Theorem 4.6] in the sense that Smirnov's result shows that any grading of a simple Z-graded algebra A is induced by a complete orthogonal system of submodules, and we prove that the grading is, in fact, induced by a complete system of orthogonal idempotents lying in the (graded) maximal left quotient algebra of A.
Corollary 2.9. Let A = n k=−n A k be a graded simple algebra and A −n = 0. Then there exists a complete system of orthogonal idempotents {e 0 , . . . , e n } in Q := Q l max (A) = Q l gr-max (A) which induces the grading on A and on Q. The set H := {H i : i = 0, . . . , n}, which is a maximal complete orthogonal system of submodules of A, is unique with this property.
Proof. Clearly, A simple implies right faithful and A = id(A −n ); moreover, in the proof of Theorem 4.6 in [8] it is said that A = A 0 A A 0 , hence we may apply (2.8). The uniqueness of H was obtained in the proof of [8, Theorem 4.6] too.
Left nonsingularity
In this section we will use the results of the previous one in order to obtain a theorem similar to Johnson's but for Z-graded algebras (with a finite grading). First, we announce some results whose proofs we omit because they are analogues to those given in [2] for superalgebras.
We will denote by I gr-l (A) and I e gr-l (A) the families of graded left ideals of A and essential graded left ideals of A, respectively, while I(A), I l (A) and I e l (A) will stand for the families of two-sided ideals, left ideals and essential left ideals of A.
In the following results we will assume that A is a G-graded algebra and σ, τ, α, ρ ∈ G.
Lemma 3.1. Let A be a graded algebra. Let I ∈ I gr-l (A) and K ∈ I l (A). The following assertions hold:
(i) If x is a homogeneous element, then lan(x) := {y ∈ A : yx = 0} ∈ I gr-l (A).
Moreover, if A is right faithful then:
(ii) I ∈ I e gr-l (A) if and only if for every 0 = x σ ∈ A σ there exists a τ ∈ A τ such that 0 = a τ x σ ∈ I τ σ . (iii) I ∈ I e gr-l (A) if and only if I ∈ I e l (A).
Proposition 3.2. Let A be a G-graded algebra; define:
gr-l (A)}, σ ∈ G, and
Then:
(ii) Z gr-l (A) = {x ∈ A : I x = 0 for some I ∈ I e gr-l (A)}. (iii) If A is right faithful, then Z gr-l (A) is the biggest graded ideal of A contained in Z l (A) and they may not coincide.
The ideal Z gr-l (A) in the proposition above is called the graded left singular ideal of A. In a similar way we could talk about the graded right singular ideal of A (denoted by Z gr-r (A)). The graded singular two-sided ideal of A is defined as
This graded definition of singular ideal is consistent with the nongraded one in the sense that whenever we consider a graded algebra A with trivial grading, we obtain
Let A be a graded algebra. We say that A is graded left singular if Z gr-l (A) = A, and we say that A is graded left nonsingular if Z gr-l (A) = 0. Proof. Take a nonzero homogeneous element x σ ∈ A σ , and suppose on the contrary x σ ∈ Z gr-l (A). Write x σ = x σ y σ −1 x σ , y σ −1 = y σ −1 x σ y σ −1 , for some y σ −1 ∈ A σ −1 . Then Ax σ y σ −1 is a nonzero graded left ideal and hence 0 = a τ x σ y σ −1 ∈ A τ x σ y σ −1 ∩ lan(x σ ), which leads to contradiction since a τ x σ y σ −1 = a τ x σ y σ −1 x σ y σ −1 = 0 because a τ x σ y σ −1 ∈ lan(x σ ).
The following result includes a quasi-Johnson's Theorem for 3-graded algebras. (iv) ⇒ (iii) because Q l max (A) = Q l gr-max (A) (2.7). As a consequence we obtain a theorem for Z-graded algebras similar to Johnson's. (iv) ⇒ (i) follows because Q l max (A) = Q l gr-max (A).
Simple M-graded Lie algebras
We close by exploring how the results of the previous section can be applied to finite Zgradings of simple Lie algebras. A description of finite Z-gradings of infinite dimensional simple Lie algebras is given in [9] .
Let Λ be a torsion-free abelian group and consider a Λ-graded Lie algebra L = λ∈Λ L λ such that the set M = {λ ∈ Λ : L λ = 0} is finite. Then L is called M-graded, and the number d(M) =min{|φ(M)| : φ ∈ Hom(Λ, Z), φ = 0} is called the width of M.
Every associative algebra A gives rise to a Lie algebra A (−) by considering the same module structure and bracket given by [x, y] = x y − yx.
For (A, * ) an associative algebra with involution, K (A, * ) stands for {a ∈ A : a * = −a}. It is easy to see that K (A, * ) is a Lie subalgebra of A (−) .
In cases I and II in the following theorem, the quotients are taken over the center, Z , of the corresponding algebra. In cases I and II, the isomorphism preserves the M-grading.
Suppose L is a simple Z-graded Lie algebra under the assumptions of (4.1). If L is as in case I then, by (2.5), A has a nontrivial 3-grading, which is inherited by L. If L is as in case II, we cannot assure the existence of a nontrivial 3-grading for the associative algebra A, preserved by the involution (see [8, Example in pg. 182] ). Every Lie algebra in case III has a nontrivial 3-grading, as is well-known. Finally, for the algebras E 6 , E 7 and D 4 , 3-gradings can be given (coming from their maximal roots), while G 2 , F 4 and E 8 do not have (see [7, (3.5) ], where is explained the way of finding Z-gradings).
For L an M-graded simple Lie algebra under the assumptions of (4.1), reasoning as in [8, Theorem 5 .4], we can assume Λ = Z, and the previous argument shows the validity of the following result. Theorem 4.2. Let L be a simple (nontrivial) M-graded Lie algebra over a field of characteristic at least 2d(M) + 1 (or of characteristic 0). If L is as in cases I or III or if L is isomorphic to E 6 , E 7 or D 4 , then it is isomorphic to a Lie algebra which has a nontrivial 3-grading. The algebras of type G 2 , F 4 and E 8 do not have 3-gradings. In case II, a 3-grading cannot be guaranteed to exist.
